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ABSTRACT
This document is a revision of the 1961 report of the

same title, taking into account the many changes which have occurred
in school mathematics in the past decade. Four objectives of
mathematics training are identified and discussed: (1) understanding
of concepts and structure; (2) facility with applications; (3)

ability to solve Problems; and (4) development of computational
skills. Specific course recommendations are made at four levels: (I)

elementary school teachers (grades K-6); (II-E) specialist
mathematics teachers, coordinators and middle school mathematics
teachers 'grades 5-8); (TI-J) junior high school mathematics teachers
(grades -,-9); and (III) high school mathematJcs teachers (grades
7-12). Arpendices give details of the content of the proposed
courses, including alternative sequences for Level I. Special
features of these courses are an emphasis on mathematics as a unified
subject (no separate courses in algebra or geometry are recommended
for Level I) ; a constant reference to the Importance of the
applications of mathematics; the use of flow charts and computers at
various levels; and a second course in geometry for high school
teachers, using vecto s and transformations. poq
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INTRODUCTION AND HISTORY

CUPM issued its "Recommendations for the Training of Teachers

of Mathematics"* in 1961 during the early stages of modern mathemat-

ics curriculum reform. In these recommendations the Committee con-

sidered five levels of teachers of mathematics. These levels were:

I. Teachers of elenentary school mathematics - grades K

through 6

Teachers of the elements of algebra and geometry

Teachers of high school mathematics

IV. Teachers of the elements of calculus, linear algebra,

probability, etc.

V. Teachers of college mathematics.

During the years 1961-62 CUPM also published "Course Guides for the

Training of Teachers of Elementary School Mathematics" and "Course

Guides for the Training of Teachers of Junior High School and High

School Mathematics."

When it was proposed, the Level I curriculum received wide-

spread attention and approval. It was approved formally by the

Mathematical Association of America, and it was endorsed by three

conferences held by the National Association of State Directors of

Teacher Education and Certification (NASDTEC) and the American Asso-

ciation for the Advancement of Science (AAAS). It formed a part of

the "Guidelines for Science and Mathematics in the Preparation Pro-

gram of Elementary Schcol Teachers," published by NASDITC-AAAS in

1963.

In the years 1962-1966 CUPM made an intensive effort to ex-

plain its proposed Level I program to that part of the educational

community especially concerned with the mathematics preparation of

elementary teachers. Forty-one conferences were held for this purpose,

covering all fifty states. Participants in these conferences repre-

sented college mathematics departments and departments of education,

state departments of education, and the school systems. At these

conferences the details of CUPM proposals were discussed and an

effort was made to identify the realistic problems of implementation

of the recommendations. A summary of the Level I Conferences is

given in El.**

As a result of these conferences and of other forces for

change, there has been a marked increase in the level of mathematics

training required for the elementary teacher. In 1966 CUPM repeated

*Now out of print.

*sFor a bibliography of CUPM publications, see page 22.



a study it had made in 1962 of the graduation requirements in thevarious colleges hiving programs for training elementary teachers.A summary of this study is given in [1], but two of its important
results are revealed in the following table:

Per cent of colleges
requiring no mathematics
of prospective elementary
school teachers

Per cent of colleges requiring
five or more semester
hours of mathematics of
these students

1962 1966

22.7 8 1

31.8 51.1

Level Il and III Conferences similar to those held for Level
were deemed unnecessary by CUPM in 1962 because the Level II and III
guidelines had apparently been accepted by the teaching community
through distribution of the recommendations and course guides. Oneindication of this acceptance has been the publication of numeroustextbooks whose prefaces claim adherence to the CUPM guidelines.

Throughout the decade of the 1960.a-CUPM continued to expendsiderable effort on the problems affsociated with the preparationteachers. Minor revisions of the original 1961 recommendationswere produced in 1966, and the course guides for Level I were similar-ly revised in 1968. In 1965 CUPM published "A General Curriculum inMathematics for Colleges" (CCMC)[2] as a model For a mathematics cur-riculum in a small college. GCMC became a standard reference in otherCUPM documents. For instance, in the 1966 revision of the 1961Teacher Training Recommendations, the original recommendation of aMaster's Degree for Level IV preparation was further delineated by
the specification that "the program include the equivalent of at leasttwo courses of theoretiCal analysia in the spirit of the theory of
functions or real and complex variables. The courses 11, 12, 13 ofthe GCMC report are at the proposed level for undergraduate prepara-
tion and indicate the sort of Material desirable for graduate study."

In 1967 CUPM completed its guidelines for Level V preparationwith the report "Qualifications for a College Faculty in Mathematics"[3]. The growing importance or tw-year colleges in American highereducation led to the publication by CUPM in 1969 of "A Transfer Cur-
riculum in Mathematics for Two Year Colleges" [4], and also in 1969,a companion report entitled "Qualifications for Teaching University
Parallel Mathematics Courses in Two Year Colleges" [5].

The publication of these reports completed CUPM's original plan
or providing course guides for each of the five teaching levels de-fined in 1961. By 1967, however, the pressure for further change wasbeginning to be felt. A minor revision (1968) of the Level I courseguides contained the statement, "The five years that have elapsed
since The preparation or the Course Guides have seen widespread adop-
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ton of the ideas of the new elementary school curricula, not only of

Zhe work of sue% experimental Or
quasi-experimental groups as the

School Mathematics Study Group (SMSG) or the University of Illinois

Curriculum Study in Mathematics (UICSM), but also of many new commer-

cial textbook series which incorporate such ideas. In addition,

there have been attempts to influence the future direction of elemen-

tary school mathematics by such groups as the Cambridge Conference.'

In the near future, the Panel believes, it will be necessary to
examine our courses to take account of these developments. We hope

in the next couple of years to begin the sort of detailed, intellec-

tual study of current trends in the curriculum and of predictions of

the future which will be necessary in order to prepare teachers for

the school mathematics of the next twenty years."

CUPM's Panel on Teacher Training has, since 1968, continued

this promised study. It has sought to understand current trends and

future possibilities through a variety of means: in the spring of

1968 it sponsored a conference, New Directions in MathematiLs, to
obtain the views and advice of a large number of mathematicians and

educators; it has constantly followed the deliberations of the CUPM

Panel on Computing; it has followed with interest, and has contributed

to, continuing discussions on pedagogy, the changing attitudes toward

experimentation in mathematics education, and the role of mathematics

in society today; and, finally, the Panel has met with representatives

of the National Council of Teachers of Mathematics, the American

Association for the Advancement of Science, and the National Associa-

tion of State Directors of Teacher Education and Certification, and

has maintained contact with national curriculum planning groups (e.g.,

SMSG, DICSM, Comprehensive School Mathematics Program, Secondary

School Mathematics Curriculum Improvement Study). The Panel concluded

from this study that a revision of the CUPM Recommendations and Course

Guides for Levels 10 II,and III was indeed required. This report is

the result of that decision, and it contains, in the appropriate

places, the Panel's reasons for the decision.

As indicated by its title, this report, like those that pre-

ceded it, deals only with questions of mathematical content, although

other aspects of teacher preparation are discussed briefly on page

20. Finally, it was regarded as advisable to publish the new recom-
mendations and course guides for all three levels in a single docu-

ment.

*Goals for School Mathematics. The report of the Cambridge Con-

ference on School Mathematic,- Houghton Mifflin Company, Boston,

Massachusetts, 1963.
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colleges.* Computer programming is now a part of many junior and
senior high school mathematics programs, and it has been discovered
that the notion of a flowchart for describing an algorithmic process
is a useful pedagogical device in the teaching of elementary mathemat-
ics, as well as an efficient device for prescribing a computer pro-
gram. Thus, computers are influencing mathematics education at ail
levels, and we have attempted in preparing this report to assess this
influence and to recommend measures for increasing it.

It Is a fact that change induc change. Foy instance, an
important aspect of curricular change over the past decade has been
emphasis on the understanding of mathematical concepts. As a result,
we have learned that abstract concepts can be assimilated at a much
earlier age than was previously thought possible. Thus, we are less
reluctant today to suggest that elementary notions of probability
may be useful in explaining ideas about sets and rational numbers
than we were a decade ago to suggest that elementary ideas about sets
might be useful in helping children to understand the process of
counting. Furthermore, the curricular revisions of the past decade
have led to improved training programs which have produced elementary
school teachers who are more confident about presenting mathematical
topics. It is our purpose in this report to take advantage of today
teachers' new attitudes and skills in order to meet new challenges.

Finally, our recommendations are intended to reflect improved
preparation over the past decade of entering college freshmen.

*See Communications of the Association for Co sutin Machine
Vol. II, No. 3, March 1968, 'Curriculum 68, Recomm ndations for
Academic Programs in Computer Science," as well as the 1971 CUPM pub-
lication, "Recommendations for an Undergraduate Program in Computa-
tional Mathematics." [6]



THE OBJECTIVES OF TEACHER TRAINING

The Panel believes that the following objectives of mathemati-
cal training are important:

Understanding of the concepts, structure, and style of
mathematics

2. Facility with its applications
3. Ability to solve mathematical problems

4. Development of computational skills.
Those statements deserve amplification.

It is our belief that the disciplined, rational man has the
best chance of becoming independent, mature, and creative, and that
the development of these qualities is a lifelong process. The intel-
lectual discipline of mathematics contributes in a unique way to this
development. We identify two reasons why this is so. First, mathe-
matical concepts are necessarily rooted in man's awareness of the
physical world. Understanding mathematics allows him to relate more
efficiently to his environment. Second, a person's understanding of
a concept depends upon its meaningful relation to and firm grounding
in his personal experience, as well as upon his awareness of its vole
in a system of interrelated ideas. As he learns to relate concepts
to one another in an orderly fashion he becomes better organized and
he improves his ability to abstract and to generalize, that is, to
recognize a concept in a variety of specific examples and to apply
this concept in differing contexts. We believe that the study of
mathematics can directly benefit this procezs of personal organiza-
tion. We therefore regard it as essential that mathematics be taught
at all levels in such a way as to emphasize its concepts, structure,
and style.

It is possible, of course, to study, to appreciate, and even
to practice mathematics by and for itself, but peop11 who can and
wish to do this are rare. For most of us an important value of mathe-
matics is its applicability to other scientific disciplines. The re-
cent fruitfulness of mathematics in this regard has already been men-
tioned, but this is really in the tradition of mathematics, which has
repeatedly responded to other disciplines that seek to apply its
theories and techniqUes. It should also be recognized that the sci-
ences in their turn have stimulated the development of new fields of
mathematics. Thus, we believe that students of mathematics should ac-
quire maunderstanding of its wide applicability in various fields,and
for this reason, applications should be emphasized in every course.

When we speak:of facility with applications we mean the abili-
ty to recognize and delineate a_mathematical model of a physical,
social, biological; or environmental problem.- Being able to solve
the-related mathematical_problem is a skill which we also rei d as
important. Effective mathematics instruction must inciudo dexaop-

6



ment of the ability to attack problems by identifying their mathemati-

cal setting and then bringing appropriate mathematical knowledge to
bear upon their solution.

Finally, computational skill is e sential. Without it the

student cannot learn to solve mathematical problems, to apply mathe-

matics, or to appreciate even its simplest concepts and structures.

Although we normally think of this skill as including speed and

accuracy in applying the common algorithms of arithmetic and algebra,

we should keep in mind the fact that it also includes the ability

to estimate quickly an approximate result of a computation. Each

course should not only provide systematic practice in computation

but should also inculcate in the student the skill and habit of

estimating.

This report recommends courses that we believe prospective
teachers should study in order to help them achieve these objectives,
both for themselves and for their future students. First we explain

briefly why we believe that teachers need much more mathematical
education than most of them are now getting, and why their training
needs to be of a special kind in certain cases.

As we indicated earlier, there have been recent improvements
in the certification requirements for elementary school teachers, but
in our opinion they continue to be inadequate or inappropriate in
many cases. Some states require a semester or a year of "college
mathematics" without indicating what sort of mathematics this should

be. These practices appear to be based on the assumption that little

or no spec_ial training in mathematics is needed to teach in an ele-

mentary school. This assumption has always been unrealistic, and in

the present context of rapidly changing and expanding curricula it is

wholly untenable.

In some elementary schools the rudiments o4: algebra, informal

geometry, probability, and statistics are already being taught in

addition to arithmetic. But even if only arithmetic is taught, the

teacher needs sound mathematical training because his understanding
affects his views and attitudes; and in the classroom, the views and

attitudes of the teacher are crucial. An elementary school teacher
needs to have a grasp ef mathematics that goes well beyond the con-

tent and depth of elementary school curricula.

Similarly, a Level II or III teacher's understanding of mathe-
matics must exceed, both in content and depth the level at which he

teaches. Within.the next decade it is to be expected that secondary
school teachers will be asked to teach material which many of our
le2esent teachers have never studied.

We therefore recommend courses for all teachers which will not
only ensure that they thoroughly understand the content of the courses
they must teach, but will also prepare them to discuss related topics
with able and enthusiastic students. These college courses must also

7



prepare teachers to make intelligent judgments dbout changes in
content, pace, and sequence of mathematics programs for -their schools,
and to have the flexibility of outlook necessary to adjust to the
eurx-iculum chonges which will surely take place in the course of
their professional careers.



THE NEW RECO ENDATIONS

These recommendations concern only the preparation of teachers

of el mentary and secondary school mathematics,* and, whereas in 1961

these teachers were elassifed irto three groups, we find it conven-

ient to use four classifications:

LEVEL I. Teacher of el a schoo mathe ati grad

through 6

LEVEL II-E. S eciali t eachers of ele n ry s h 1 mathematics,

coo a r_ of ele e t
a he s of midd school or

ughly grades S thrmatics ough

matics and
hi h school niàthe -

LEVEL II-J. Teachers of "unior h h school math m c (grades 7

through

LEVEL III. Teache s themati (grades 7 through

12).

These classifications are to be taken rather loosely, their

interpretation depending upon local conditions of school and curric-

ular organization. It win be noted that the various classifica-

tions overlap. This is a deliberate attempt to allow for local

variations.

The reader should note that the training for Level I teaching

separate program, while, except for their Level I content, the

curricula for the farther levels form a cumulative sequence.

The recommendations of this report are not motivated by a

desire to meet the demands of any special program of mathematics
education or the goals of any particular planning organization. We

consider our recommendations to be appropriate for any teachers of

school mathematics, including teachers of low achievers.

LEVEL I RECOMMENDATIONS

We have already stated that the applications of mathematics,

the influeace of computers, and the changes wrought in the 1960's in

the teaching of mathematics prompt us to revise our "Recommendations

for the Training of Teachers of.Mathematics" at all four levels. At

*The preparation of teachers of two- and f -year college

mathematics is the subject of two other CUPM reports (see [3] and

[53).
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Our suggestion of an integrated course sequence represents a

very important change which these recommendations are intended to

hring about, but there are certain to be questions on how this can be

accomplished. We attempt in the seeue3 to provide our answer to such

questions.

There are many ways in which to organize the appropriate
material into integrated course sequences, and we encourage experi-

mentation and diversity. Two possible sequences of four 3-semester

hour courses are described in detail in the course guides beginning

on page 23. For reference we list their titles here:

Sequence 1

1 Number and Geometry with
Applications I

2- Number and Geometry with
Applications II

Mathematical Systems with
Applications I

4. Mathematical Systems wit
Applications II

Sequence 2

1 Number Systems and Their
Origins

Geometry, Measurement, and
Probability

Mathematical Systems

4. Functions

These sequences differ in the ordering of topics and in the degree of

integration, yet both conform to our idea of an integrated eirse

sequence- It may be helpful to discuss briefly, withol. _my attempt

at being comprehensive or any desire to be prescriptive, the rationale

which led us to these integrated sequenc-s.

The dual Tole of numbers in counting and measuring is -

tematically exploited in each of the four-course sequences. In one

direction we are led to arithmetic, in the other to geometry. The

extension of the number system to include negative numbers may then

be explained by reference to both the counting and measuring models.

The study of rational numbers may likewise be motivated through

measurement and counting, and the arithmetic of the rationals finds

justification and natural applications in elementary probability

theory. Geometrical considerations lead to vector addition on the

line and in the plane--and then in space--and the Pythagorean Theorem

leads naturally to irrational numbers.

The arithmetic of decimals can be presented as the mathemati-

zation Of approximation. Also, the algorithms of elementary arith-

metic lead naturally to flowcharts and to a study of the role of

computers-

Length, area, and volume have computational, founda-
tional, and group-theoretical aspects. Extensions of ideas
from two to three dimensions 'constitute valuable experience in them-
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selves, are useful in developing spatial intuition, and also help in
understanding the nature of generalization in mathematics.

Graphs of functions of various kinds, theoretical and empiri-cal, may be studied, incorporating intuitive notions of connectednessand smoothness.

The function concept plays an important role in an integrated
curriculum. Counting, operr.tions on numbers, measurement, geometric
transformations, linear equations, and probability provide many
examples of functions, and common characteristics of these examplesshould be noted. Ideas such as composition of functions and inversefunctions may then be introduced and-illustrated by algebraic and
geometric examples. Of course, detailed formal discussion of thefunction concept should come only after examples of functions have
been mentioned in various contexts in which it is useful to do so.

Similarly, the elementary notions of logic such as logical
connectives, negation, and the quantifiers should be treated explic t-
ly only after attention has been call-d informally to their uses in
other mathematical contexts. Indirect proofs and the use of counter-
examples arise naturally and may be stressed when the structure of
the number systems is examined. However, in the final stages of a
prospective elementary teacher's training it is useful to return to
logic in a more explicit way for the purpose of summarizing the roles
of inductive and deductive reasoning in mathematics and providing
examples of deductive systems in geometry, algebra, number theory, orvector spaces.

Finally, the references to algorithms in the foregoing para-
graphs emphasize the pervasive role of computing and algorithmic
techniques in mathematics and its applications. The use of flowcharts
for describing algorithms is becoming comMonplace in the elementary
school. Moreover, flowcharts are proving to be an important educa-
tional tool in teaching elementary and secondary school students to
organize their work in problem solving. These ideas should therefore
be encountered by a prospective teacher in his mathematics training.
We recommend that computing facilities be made available, so that he
will also have an opportunity to implement Some algorithms and flow-
Charts on a high-speed computer using some standard computing
language.

The course sequence should include many references to applica-
tions outside mather4atics. This is self-evident for probability
theory, but it is important to stress this over the whole spectrum of
topics studied. In particular, the function concept itself provides
many opportunities to underline the significance of mathematical
formulations and methods in our study of the world around us.

At the conclusion of the course sequence the prospective
teacher should understand the rational number system end the neces-
sity, if not the method, of enlarging it to the real number system.

12



He should be familiar with elementary linear geometry in two and
three dimensions. In his study of the integers and the rational
numbers, he should understand the essential role played by the prop-
erties of the addition and multiplication operations and the order
relations in justifying and explaining the usual computational
algorithms, the factorization theory of whole numbers, and the meth-
ods of solution of equations. He should thereby, and through experi-
ence with algebraic structures encountered in geometry, acquire an
appreciation of the importance of abstraction and generalization in

mathematics.

He should know something of the basic concepts and the algebra
of probability theory, and he should be able to apply them to simple
problems. He should grasp the idea of an algorithmic process and
understand a bit about computers and how one programs them. We expect
him to appreciate something of the role of mathematics in human
thought, in science,and in society. We hope finally that he can
learn all this in such a way that he will enjoy mathematics and the
teaching of it and that he will desire to continue to study mathe-
matics.

LEVEL II RECOMMENDATIONS*

In the years since the first set of recommendations was made,
dramatic changes have taken place in the mathematics of junior high
school. These changes are in depth, as witnessed by greater emphasis
on logic and mathematical exposition, and in breadth, as witnessed by
the Increased amount of geometry and probability. They make it
necessary to re-examine the background needed by a teacher at this
level. Moreover, the intermediate position of the junior high school
requires of teachers at this level an appreciation of the mathematics
of the elementary school as well as knowledge of the mathematics of
the high school.

Finally, it seems desirable that there be two kinds of teachers
in the middle school or the junior high school: those who concentrate
on the transition from the elementary school and those who concentrate
on the transition to the high school. For this reason we give two
sets of recommendations for this level.**

*"Guidelines for the Preparation of Secondary School Teachers
of Mathematics" have also been prepared by the Committee on the
Breadth and Depth of the Mathematics Teacher's Preparation in Science
and Mathematics of the American Association for the Advancement of
Science. FOY copies write to AAAS, 1515 Massachusetts Avenue, N.W.,
Washington, D.C. 20005.

**This preparation is called "area of concentration" in some
teacher training programs.



LEVEL II-E RECOMMENDATIONS

These recommendations are for students who begin with Level I
preparation and pursue further training to qualify them to be either
specialist teachers of elementary school mathematics, or coordinators
of elementary school mathematics, or teachers of middle school and
junior high school mathematics. As stated on page 10, there should
be some teachers with Level II-E preparation in each elementary
school. The recommended program is:

A.

B.

C.

D.

E.

F.

The Level I Raanm. (A student who is already prepared for
calculus may omit the course on functions of the second se-
quence of courses listed on page 11.)

An elementary calculus _course (e.g., Mathematics 1 as des-
cribed in [2]). At this level all teachers need an introduc-
tion to analysis and an appreciation of the power that calculus
provides.

Two courses in algebra. The courses in linear and modern
algebra are Identical to those described under C of the
Level III recommendations pages 17-18.

A course irobability aid statistics. This course is iden-
tical to the first coise under D of the Level ITT recommenda-
tions, page 18.

aperlence withplicatip_cfcom-utin. This recommendation
is identical to that under F of the Level III recommendations,
page 18.

One additional elective course. For example, a further course
in calculus, geom try, or computing .

LEVEL RECOMMENDATIONS

These recommendations provide a special curriculum for the
training of junior high school teachers which is slightly less exten-
sive than that for Level III. The recommended program is:

A. Two courses in eleiiientar calculus (e.g., Mathematics 1 and 2
of 2 ). Greater emphasis n calculus is desirable for this
level because teachers at the upper level of the junior high
school must see where their courses lead.

Two course- in algebra. The COUrses in linear and modern
algebra are identical to those described under C of the L v 1
III recommendations, pages 17-18.
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(with the Advanced Placement program) , (2) an increasing use of
computers in mathematics courses and as an adjunct in other courses,
and (3) an increasing realization that applications should play a
more significant role_

Our recommendations, while designed primarily to specify
minimum requirements for prospective high school teachers, have also
been constructed with a view to maintaining, as far as possible,
comparability of standards between prospective teachers and prospe,-
tive entrants to a graduate school with a major in a mathematical
science. We want to maintain a freedom of choice For the student to
go in either direction. While the program we recommend for prospec-
tive teachers will leave the student with a deficiency in analysis
and in algebra in order to meet the CUPM recommendations for entry
to graduate school (c.f. [7]), the prospective graduate student in
mathematics would normally need courses in geometry and in probabili-
ty and statistics to meet our recommendations for teachers. We regard
it as a matter of great importance_that a_program for teachers should
be id ntical to the one offered to other mathematics ma-ors, exce.t
for a few cour s riat I h school
teachers.

Before detailing the recommendations, some remarks on the role
applications, the computer, and on the problem of teaching geome-

try are in order.

Every experienced teacher knows that mathematics must begin at
the concrete level before it can proceed to a more theoretical or
abstract Formulation. It is assumed that topics in the courses under
discussion will contain a judicious mixture of motivation, theory,
and application. A purely abstract course for teachers would be mad-
ness, but a course in calculation with no theory would not be mathe-
matics. In addition to including applications where possible in
mathematics courses, there is a need for introducing some specific
study of the lore of mathematical model building, in order to provide
the framework of :;deas within which specific applications can be
placed in their proper perspective. The idea of a mathematical model
of a "real" situation and the associated techniques and rationale of
the model building process have developed as a sort of folk knowledge
among mathematicians and users of mathematics, and now an effort is
being directed toward making these ideas more explicit and including
them in the curriculum. The course Mathematics 10 described in [2]
was such an effort, but only now are detailed descriptions of such a
course appearing (e.g., [B]). As these efforts begin to affect the
high school curriculum, where much of the material belongs, it be-
comes more urgent that the Future high school teacher receive appro-
priate preparation. Conversely, the preparation of teachers to
communicate these ideas will accelerate the improved treatment of
applications in high schools.

Computers have already had a phenomenal impact on the high
school mathematics curriculum in supplementing, and in part replacing,
traditional formal methods by algorithmic methods. As access to

16
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digital comput...1rs becomes more common, one can expect both the flavor
and content of high school mathematics courses to change dramatically.
In schools where such facilities are already available, it has become
clear that opportunities for experimentation and creative outlet,
using the computer as a laboratory device, are within the reach of
many students whose mathematical ability, motivation, or background
would preclude any comparable experience in a formal mathematical
setting. Moreover, it has been found that certain abstract mathe-
matical ideas are understood and appreciated more completely when
experience is first obtained through the use of a computer. Algo-
rithmic and numerical techniques should therefore be given strong
consideratien in all courses in which they are appropriate; and,
wherever computing facilities are available, use of the computer
should be a routine part of these courses.*

The nature ef high school geometry continues to change.
Changes over the past decade have mainly been toward remedying the
principal defects in Euclid's Elements that are related to the order,
separation, and completeness properties of the line, but more recently
there has developed an entirely new approach to geo.1/etry thut links
it strongly to algebra. This approach is now finding its way into
the high school geometry course. A teacher should be prepared to
teach geometry either in the modern Euclidean spirit or from the new
algebraic point of view. Thus we are recemmending that he take two
geometry courses at the college level.

The minimum preparation of high school teachers of mathematics
should include:

A. Three cours s in calculus. The courses 1, 2 and 4 of [2] are
suitable. This recommendation assumes that the student has
the necessary prerequisites. It is also desirable to take
advantage of the growing role- of computers in introducing
mathematical concepts.

B. One cou se i n real analysis- Course 11 of [2] would be atis-
factory provided that the instructor is aware of the primary
interest of his students in teaching.

C. Two courses in al ebra. One of these should treat those topics
in linear algebra that are essential for the understanding of
geometry and that have become crucial in applications; espe-
cially to the social sciences. Course 3 described in [2], with
careful attention to examples, weuld suffice. The second
algebra course should be an abstract algebra course approxi-
mating course 6 of [2]. Again, opportunities should be found
to incorporate geometrical ideas that motivate and illustrate

*A good source on programming and problem solving at the appro-
priate level is: Hull, T. E. and Day, D. D. F., Com uters and Prob-
lem_Solving, Addison-Wesley (Canada ), Ltd., 1970.
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plieation in W from Cartesian products (treated informally); counting
as the link between sets and numbers; place value systems and decimal
numeration of whole numbers (reinforced by examples with non-decimal
bases); properties of operations in W from observed r-roperties of
operations on sets, including order properties; algo.cithms for compu-
tation in W (include use of flowcharts) ; simple closed and open
mathematical sentences, including inequalities.

Coordinatization of the half-line with W; addition in W as a
vector sum, using slides of the number line; subtraction in W as a
slide to the left to introduce the set Z of integers; properties ef
addition and order properties in Z; mathematicl sentences in Z.
(Multiplication by negatives is delayed until thc. set of rationals is
developed.)

Factorization in W, prime Factorization, unique prime factori-
zation, some simple divisibility criteria, the Euclidean algorithm;
multiplication and division of integers by whole numbers introduced
through experiences with the number line; greatest common divisor and
least common multiple.

Introduction of the set Q of rationals through division by n,
n E W and n 0, as shown on the number line; change in scale of the
number line and its use in measurement; equivalence c_lasses of symbols
for rationals; coordinatization of the line with Q; 'ntroduction to
the question of completeness.

Addition in Q suggested by slides of the number line; multipli-
cation of a rational by a whole number suggested by slides of the
number line; multiplication b; a positive rational suggested by
stretching and shrinking; multiplication by a negative integer sug-
gested by multiplicat_Lon by a whole number followed by a flip; multi-
plication in Q; algorithms fox computation in Q4', properties of addi-
tion and multiplication in Q, and order properties in Q.

Decimal numeration of Q; percentages; integer exponents;
scientific notation; orders of magnitude; algorithms and Flowcharts
for Computation in Q; mathematical sentences.

Probability, Statistics, and Other icatio (20%)

Examples of -atistieal experiments in finite event spaces and
their outcome sets, leading -to counting procedures for determining
the number of outcomes of various kinds of compound events (use tree
diagrams); sampling problems with and without replacements, leading
to combinatorial devices for counting samples; relative frequencies
of events in an experiment and stability of relative frequencies;
assignment of probabilities to singleton events and to disjoint
unions and intersections of events through addition and multiplication
in (71÷.

26
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Oth,,r applications, e.g., measurement, constant rate, profit

and loss, expectation and risk, percentages, estimation, significant

figure3, and approximation.

Number and Geometry with A..lications IT

1 Functions (5%)
2. The Rational Number System and Subsystems (20%)
3. Geometry (35%)
4. Real NuMbers and Geometry (10%)

S. Operational Systems and Algebraic Structures (10%)

6. Probability, Statistics, and Other Applicati ns (20%)

Course 2 is designed to give a genuine mathematical treatment
of id.eas introduced and studied at a more intuitive level in Course 1.

The language of functions is established; this enables the solution
of linear equations over Q and Z. to be investigated systematically.

Then the interrelationship between geometry and algebra again becomes

evident in the study of symmetries, rigid motions, and sets with

operations. At the same time, questions connected with measurement

are studied, thus ensuring that the material can be usefully applied;

explicit reference to problems of approximate calculation involving

large amounts of data can lead to consideration of computer programs.

The Pythagorean relation prepares the way for the introduction
of irrational nuMbers and a preliminary discussion of real numbers.

The ideas here are difficult, and no attempt should be made to give

complete proofs; nevertheless, the topic should be explored extensive-

ly.

Algebraic structures are defined, but studied only in familiar
examples (including modular arithmetic). Further study of probability

and statistics is included, beginning with a study of permutations

and combinations which employs the function concept and presents

systematic counting procedures.

Functions CS

The function concept (motivated by examples from Course 1),

one-one and onto properties of functions; relations (motivated by

examples from Course 1) with emphasis on equivalence and order rela-

tions. Binary operations as functions on Cartesian products of form

X x X. Power sets; unions, intersections and complements as opera-
X

tions; the functions 2- 2Y and 2Y 2x induced by a function

X Y.

2 Th Ration Number and Subs sterns (20%)

Review of properties of Q with some arithmetical proofs;
properties of Z; Z us an ordered integral domain; realization that

27



Z is not closed under division, with the closure of Z leading toQ-

Coordinatization of the line with Z and then with Q; coordina-tization of the plane with 22 and then Q2; and coordinatization ofspace with Z3 and Q3.

3- Georr-Let= (35%)

Review of geometric figures as idealizations of familiarobjects and as sets of points in space; review of rigid motions andsymmetry; review of congruence, parallelism, and perpendicularity.Groups of symmetries of an equilateral triangle and a square.
Rigid motions as Functions that preserve lengths of segments;classification of rigid motions; composition and inverses; intuitiveunderstanding of Rroup properties of the group of rigid motions.
Review of measurement of segments with various units; princi-ples of measurement; principles of measurement applied to length,area, angle measurement, volume; approximation; formulas for measure-ment related to rectangles, triangles, right prisms, pyramids- Ap-proximate calculation. Pythagorean relai_ion through the formulafor the area of a rectai-gle.

Real Numher and Geometr (10%)

Adequacy of Q for phys cal measurement inadequacy of Q forrepresenting lengths of segments demonstrated by construction ofsegments with irrational measures; distance between points in Q2(use of Pythagorean relation) . Introduction of real numbers interms of nested intervals and non-terminating decimals; location ofirrational points on the number line; infinite decimals regarded assequences of approximating rationals; informal definition of additionand multiplication in R by means of approximating terminating deci-mals; distance in R2; use of unique factorization to prove the
irrationality of /f,

Coordinatization of the line, plane, and space with the realnumbers; distance in R2. Solution of linear equations and inequali-ties and graphs of solution Sets in R2; solution of linear equationsin R3 as intersections of planes.

Intuitive treatment of the perimeter and urea of a circle;n as an irrational number.

S. O,er-ational S sterns _an Alaebraic Structures (10%)
Review of properties of the operations of addition and multi-plication and the order relation in the number systems 1410 2, and Q;
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definitions of group, ring, integral doMain, and field, with examples
drawn from subsets of Q, groups of rigid motions, groups of symmetries
of a figure, power sets.

Arithmetic mod m as an operational system; contrasted with W,
Z, and Q (closed under additive inverses, closed under multiplicative
inverses when m is prime, divisors of zero when m is not prime,
absence of compatible order relation) ; applications to the arithmetic
of W (e.g., Fermat's theorem, Wilson's theorem, casting out 9's).

6. Probability, Statiztics. and Other lica (20

Permutations and combinations; randomness of a sample and
tests of randomness; examples of applications of random sampling
(using random number tables) to estimation of populations, quality
control, etc.

Measures of central tendency in lists of data and possible
of spread of data.

Random walks and their applications; assigning probabilities
to compound events with applications; condil--ional probability.

Other applications, e.g., area, volume, weight, density; con-
ucting an angle whose measure is times the measure of a given

angle.

Course 3: Mathematical Systems with Applications I

1. The Rational Number System (15%)
2. The Real Number Sys em (5%)
S. Geometry (35%)
4. Functions (15%)
S. Mathematical Language and Strategy (15%)
6. Probability, Statistics, and Other Applications (15%)

In Course 3 the process of extending the number system from
the whole numbers to the rationals, which has been explained and
motivated in previous courses from both geometrical and arithmetical
considerations, is carried out as a piece of formal algebra. Poly-
nomials are also studied. Then algebra and geometry each provide
examples of small deductive systems to illustrate the nature and
power of the axiomatic method. The Pythagorean relation is available
in this course, so that Euclidean geometry may be carried out in the
coordinate plane. Vector notation and methods are studied, and there
is a discussion of the generalization of coordinate geometry to three
dimensions.
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Algebraic concepts are also exemplified by the study of the
group of Euclidean motions and certain subgroups, thereby enriching
the notion of subgroup with concrete examples_ The trigonometric,
exponential, and logarithmic functions are defined and studied in
their own right and in view of their applications. There are some
explicit discussions in this course on mathematical methods, covering
such topics as proof, conjecture, counterexample, and algorithms,
together with a review of appropriate logical language. Probability
theory is itself developed from an axiomatic standpoint, experience
of its practical nature having been gained in previous courses.

The Rational Number System (159-

Formal construction of Z from W and of Q from Z.

Polynomials as functions and forms; Q[x] and Z[x] as rings;
the degree of a polynomial; substitution; quadratic equations.

Description of proof by induction in W with examples; applica-
tion to number-theoretic properties of Z, e.g., divisibility proper-
ties, Fundamental Theorem of Arithmetic; Euclidean algorithm; similar
applications to Q[x]; remainder theorem.

2. The Real Number System (5%)

Review coordinatization of the line with R; approximation of
reals by.rationals; addition and multiplication in R through rational
approximation; the field of real nuMbers.

Geometry (35%)

Review of coordinate geometry of the real plane; di- a_ce;
graphs of linear equations in two variables.

Plane vectors from translations; vector addition as the compo-
sition of translations; multiplication by scalars; vector equations
of a line (with resulting parametric and general form of the equa-
tions); conditions for parallelism and perpendicularity in coordinate
representation; appropriate generalization of these ideas to three
dimensions.

Examples of groups and subgroups drawn from geometry, e.g.,
the group of Similarities with the subgroup of rigid motions, the
group of rigid motions with the subgroup of rotations about a poin
the group of rotations with the subgroup of cyclic permutations of a
regular polygon.

Similarities and the representation of similarities as compos-
ites of magnifications and rigid motions; similar figures. Con-
Structing the points which separate a segment into n congruent parts.
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Equations of circles and the beginning notions of trigol
rie functions.

Small deductive system in plane geometry, e.g., incidence
properties from postulates of incidence or some constructions from
postulates of congruent triangles, Or some angle measure properties
from postulates of incidence, parallelism, and segment and angle
measures.

4. Functions (15%)

Review of real-valued functions and their graphs; inverses of
inve_tible functions; graph of an invertible function and its inverse.

Beginning notions of exponential functions and some of their
properties; applications of these ideas, e.g,, growth and decay;
logarithmic functions; application of logarithmic functions to approx-
imate calculation and construction of a slide rule.

Definitions and graphs of the trigonometric functions with
emphasis on periodicity.

S. Mathematical Langua e and Strategy (15%)

Review of the language of connectives, the common tautologies,
and the relation of some of thr notions to set union, intersection,
complementation, and inclusion.

Universal and existential quantifiers; denial of a mathemati-
cal statement, counterexamples.

Examples from previous sections of dir et and indirect proof
and of proof by induction; selected new topics to illustrate proof
by induction (e.g., binomial theorem for positive integer exponents;
number of zeros of a polynomial; sums of finite series); explicit
contrast with inductive inference, role of hypothesis, conjecture.

Examples of algorithms and fl- -charts.

6. Probability, Statistics, and Other Applications (15%)

Postulates for a discrete probability function and some conse-
quences proved for probabilities of compound events; random walks and
their applications.

Computation of measures of central tendency and variance;
simple intuitive notions of statistical inference, tests of signifi-
cance, frequency distributions, passage from discrete to continuous
variables, normal distribution; application of statistical inference
to real life situations, e.g., opinion polls, actuarial tables,
health hazards.
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Course 4 Mathema ical Sy ems wi h Ai heations II

1. Geometry (30%)
2. The Real and Complex NuMber Systems (10%)
3. Operational Systems and Algebraic Structures (40%)
4. Probability, Statistics, and Other Applications (20%)

Course 4 consists of a systematic study of pre-calculus mathe-
matics. Linear algebra in R2 and R3, as vector spaces and as inner
product spaces, leads on the one hand to matrix algebra and on the
other to the standard trigonometric identities. The algebraic method
in geometry is contrasted with the synthetic method. The real num-
bers R are presented as the completion of the rationals, and the
extension of R to the field C of complex numbers is motivated and
described.

Abstract algebra occurs in the course--a beginning study is
made of abstract group theory--but emphasis is on familiar examples
of the various algebraic systems,for example, the integral domain of
polynomials over Z, Q, Z (p prime). The key notion of homomorphism
of algebraic structures is introduced; among the examples treated
are the logarithmic and exponential functions which are seen to be
mutually inverse isomorphisms.

Frequency distributions form the main topic of the probability
and statistics component; although the course remains essentially
concerned with discrete probability spaces, the normal distribution
is mentioned here. Applications of the preceding theory are made to
problems of approximation and error.

1. Geometry (30%)

Coordinatization of space with R3, distance in space, first
degree linear equations in three variables; vectors in space, vector
addition, scalar multiples of vectors in R2 and R3, description of
the vector spaces R2 and R3; norms of vectors, inner product, defini-
tion of the inner product (or Euclidean) space R3, relation_of cosine
to the inner product; definition of the vector product in R3, triple
scalar product and volume; the idea of closeness in R3, with some of
the simpler topological properties of this metric space.

Definition of linear transformations of R2 and R3; orthogonal
transformations; matrix representation of linear transformations of
R2 and conditions for orthogonality; matrix multiplication suggested
by composition of linear transformations; representations of rota-
tions in the plane by orthogonal matrices, 1,Ading to the standard
trigonometric identities .

invertible linear transformations o7f the plane with coordinate
representations; rigid motions, magnifications, and other subgroups
of the group of Invertible linear transformations; representation of
similarities in R2 by matrices.
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Analysis of the roles of synthetic and analytic meth ds in

geometry, e.g., properties of circles, coincidence properties of

triangles.

2. The R al and Comelex Number 10%)

Al ebraic extensions of Q; algebraic and order properties of
discussion of the completeness of R.

Extension of the real nuMber system to the field C of complex
numbers; failure of order relations in C; graphical representation
of C in R2.

3. 0 e ational Sstenis and Al brai cture (40%)

System of polynomial forms over Q, its integral domain proper-

ties, factorization; Euclidean algorithm and appropriate flow dia-
gram; factor theorem; elementary theory of polynomial equations;

cOmparison with theory for polynomials over Zp (p prime), Z.

Exponents, extension of exponential functions over Q to
functions over R, with graphs; rational functions over Q, over Zp

(p prime); Newton's method of approximating zeros of polynomials
(no differential calculus) and appropriate flow diagram.

Subgroups; Lagrange's theorem; applications to elementary

number theory (Fermat's theorem ard Euler's theorem); commutative
groups, quotient groups of commutative groups; application to Zn.

Homomorphisms of algebraic structures with many exAmples;
identification of those which are one-one, onto; definition of iso-

morphism as invertible hoMomorphism; one-one and onto homomorphisms

are isomorphisms; isomorphic syst,Ims, e.g., Z4 and rotational symme-

tries of a Square, the positive reals under multiplication and the

real nuMbers under addition.

4. P obability Statistic- and Other A lications (20%)

Review of sample spaces, probability functions, random walks;

discrete binomial distributions; statistical inference and tests of

significance; other frequency distributions with applications, eg.,
rectangular, Poisson; normal distribution (treated descriptively).

Application of the nuMber system Q to problems in scaling,

ratio, proportion, variation; approximation, errors in approximation,
errors in sums, errors in products; Bayesian inference.



ENCE 2

Sequence 2 consists of the FOUY cour

1. Number Systems and Their Origins
2. Geometry, Measurement, and Probability
3. Mathematical Systems
4. Functions.

Each course contains topics from most of the areas identified in the
general description of the Level I Recommendations (algebra, the
function concept, geometry, mathematical systems, number systems,
probability, deductive and inductive reasoning). While interrelation-ships among these topics are explored in the spirit of an integrated
cur7-7culum, each of the four courses, nevertheless, has a specialemphasis or focus. The emphasis in the first course is on number
systems, the second on geometry, the third on mathematical systemsand the fourth on functions.

Although the special character of each course can be suggestedin a few words, it is a mistake to assume that any course is narrowlydefined by its title. In fact, by the end of the second course thestudent will have met the full breadth of topics considered essentialfop the elementary teacher. He will not, however, have reached the
depth_of understanding desired.

Again, we stress the importance of interpreting the Course
Guides in the spirit of the comments m de in the Introduction, pages23-24.

se Systems and Their OrigLE

1. Sets and Functions (15%)
2. Whole Numbers (45%)
3. First Look at Positive Rational Numbers (10%)
4. First Look at Integers (5%)
S. The Systems of Integers and Rationals (25%)

Course 1 features integration of arithmetic and algebra with
supplementary assistance from geometry. The number line is thought
of as a convenient device for representing nuMbers, order, and opera-tions. Rational numbers are introduced in the context of comparingdiscrete rather than continuous sets (though brief reference is alsomade to the rational line). Algebraic similarities and differences
between the number systems awe emphasized- In particular, The sys-
tems of integers and rationals are studied in parallel. Algorithms,flowcharts, and manipulative rules for the various number systems arenot only justified by referring to physical or schematic models butalso ure seen as consequences of the algebraic structural propertiesof the number systems. The whole number system receives much atten-
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tier', as its algebraic properties (and its algorithms) recur in only
slightly altered form in the systems of integers, rationals, and

reals.

1. Sets and Functions (15%)

Review, at an intuitive level, of the basic concepts associated
with sets and functions in order to establish the language and nota-
tion that will be used throughout the course. (For most students
this will be a review of things they have seen repeatedly since
junior high school.) Set concepts covered are: membership, inclu-
sion, and equality for sets; various ways of describing sets (rosters,
set-builder notation, Venn diagrams); special subsets that often lead
to misunderstanding (empty set, singletons, the universal set); com-
mon operations on sets (intersection, union, complementation, Carte-
sian product); illustration of the above concepts in various ways
from real objects and from geometry.

The connection between set operations and logical connectives;
for example, "or." "and," and "not" are related to union and inter-
section and complement, while the inclusion relation "A 8" is related
to the implication "x E A --x E B." (In this first introduction of
logic, the treatment should be very brief and informal, but the lan-
guage is necessary for subsequent use.)

The major function concepts to be covered include an intuitive
rule-of-assignment definition; various ways of specifying this rule
(arrow diagram, table, graph, set of ordered pairs, formula); notions
of domain and range; input-machine-output analogy; one-one and onto
properties; one-one correspondences between finite sets and between
infinite sets; brief look at composition and inverses with a view
toward later ties to rational arithmetic. (Real and geometric
examples should be used.)

2. Whole Numbers (451)

Whole nuMbers are motivated by a desire to specify the "size"
of finite sets, numerals and numeration systemm t,y the inadequacy of
verbal "symbols" for nuMbers; the Hindu-Arabic numeration system
contrasted with historical and modern artificial numeration systems
in order to emphasize the roles of base and place value; order among
whole numbers related to the process of counting and to the existence
of one-one or onto functions between finite sets; order in W repre-
sented schematically by thc position of points on a whole number
line. In the construction of this "line" the concept of congruent
point pairs arises naturally.

The operations of addition and multiplication related, with
counting as the link, to the set operations of union and Cartesian
product (e.g., the use of multiplication in determining the area of

a rectangle); multiplication also related to repeated addition and to
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determining the number of outcomes in a multi-stage experiment (the

product formulas for q and 1311 might be illustrated ). addition and

multiplication represented schematically in the usual vector fashion

(slides and stretches) on the number line.

The algorithms of whole nuMber arithmetic justified initially

(as in the elementary classroom) by reference to manipulating and

grouping finite sets. (A flow diagram for division via repeated sub-

traction can be given.) The whole numbers with their operations and

order now viewed as a mathematical system, the algebraic propert

of which are motivated by reference to
finite sets and set opera-

tions; the algorithms of whole number arithmetic re-examined from an

internal point of view and justified on the basis of notational con-

ventions and fUndamental algebraic structural principles. The impor-

tance of estimating products and quotients should be emphasized as

the algorithms are studied.

3. First Look at Positive_R tional NuMber (10%)

Fractions motivated by a desire to compare two finite sets.

If a probabilistic flavor is desired, compare a set of favorable out-

comes with a set of possible outcomes; if a more conventional approach

is desired, "ratio" situations can be used. With fractions viewed as

operators, addition continues to correspond, in a sense, to disjoint

union, while multiplication corresponds to composition; fractions rep-

resented schematically as points or vectors on a number line, and

the operations viewed vectorially; rules for manipulating fractions

motivated initially from physical or schematic representations.

Rational numbers appear as abstractions of equivalence classes of

fractions, and some algebraic properties of the system of rational

numbers can be motivated by physical examples; the algebraic struc-

ture of Q4 is not explored in detail. (The eMbedding of W in Q4 con-

sidered briefly with a light touch.) A careful structural investiga-

tion deferred until the full system Q appears.

4. First Look at Integers (5%)

Integers suggested by some real situation, e.g., profit-loss,

up-down, etc.; addition corresponds to an operation in the given

situation; multiplication by a positive integer considered ag repeat-

ed addition. Again the number line is used as a schematic represen-

tation; the various uses of the symbol " " clarified; some algebraic

properties identified and motivated; the
embedding of the whole

nuMbers in Z introduced, but only lightly.

5. The S-stems of Inte-ers and Rationals (20%)

Following a brief review of the concepts of open se tence,

variable, replacement set, truth set, equation, and soluti n set (
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perhaps only the last two) a systematic, parallel exposition of the
algebraic structures of Q and Z in terms of solutions to equations is
possible. (-a represents the unique solution to a x = 0, 1/a rep-
resents the unique solution to ax = 1 (a 0), b - a = b (-a),
b/a = b x l/a); all the familiar rules for manipulating MilaUS signs
and fractions follow. The two important unique representations of
rationals--as fractions in lowest terms and as (all but one type of)
repeating decimals--can be illustrated and computational rules for
(finite) decimals justified; several non-repeating infinite decimals
described. The work on fractions in lowest terms will involve a cer-
tain amount of number theory, which should be done on an ad hoc basis.
Revjlw of the concepts of divisibility and prime; the Fundamental
Theorem of Arithmetic illustrated and then assumed. (In Course 3
this principle may be proved.)

ou Geometry,_ Measurement, and Probability

1. Intuitive Non-metric Geometry (25%)
2. Intuitive Metric Geometry (25%)
3. Probability (20%)
4. Further Geometry (20%)
S. The Real Number System (10%)

In Course 2 the system of positive rational numbers reappears
in two new contexts: in the context of geometric measurement, where
continuous sets are being compared, and in the context of probability
where discrete sets are being "measured." Thus the system of posi-
tive rational numbers and the concept of measurement act us unifying
threads. But the major blocks of new content covered are in geometry
and probability.

Many opportunities for tying together these areas present
themselves. For example, in the initial work in geometry which inevi-
tably is concerned with establishing terminology and notation, combi-
natorial problems can be inserted to make the content more interest-
ing. Later a probabilistic technique for approximating TT could be
given. Also, while studying probability, geometric representations
can be given for many situations. For example, random processes are
simulated by spinners, and experiments involving repeated trials are
represented by random walks.

The geometry and the probability in this course are presented
in a rather intuitive, non-deductive fashion. The main puipose here
is to present the elementary facts in these areas, not to investigate
their logical structure. Course 3 re-examines both areas from-a more
rigorous, deductive point of view.

The field of real numbers is also discus..;ed to some ext_it in
this second course.



1. Intuitive Non-metric Geometr (25%)

Geometry viewed as the study of subsets of an abstract set,
called space, whose elements are called points; the subsets are
called geometric figures; drawing conventional pictures of points,
lines, and planes suggests incidence relations. Some of the logical
connections between various incidence properties explored. (The 4-
point geometry might be introduced here, but axiomatics should not
receive much emphasis in this course.) The standard terminology
associated with incidence (collinear, coplanar, concurrent, parallel,
skew, ...) reviewed in a combinatorial context (e.g., into how many
pieces is the plane partitioned by n lines no three of which are con-
current and no two of which are parallel?) . Further geometric
figures (half lines; rays; open, closed, and half-open segments; half
planes, half spaces, plane and dihedral angles and their Thteriors
and exteriors) defined in terms of the basic figurespoints, linos,
planes; the set operations; the intuitively presented notions of
(arewise) connectivity and betweenness. The standard notation for
these figures reviewed, using combinatorial problems for motivation
(e.g., how many angles are "determined" by n points no three of
which are collinear?).

The ideas of polygonal and non-polygonal curves, simple curves,
simple closed curves,and the interior of a simple closed curve pre-
sented intuitively along with a few other topological and geometrical
concepts such as dimension of a figure. boundary of a figure, con-
vexity; polygons, polyhedra, and Euler's formula.

Congruence introduced intuitively in this non-metric setting
as meaning same size and shape. At this first contact, the notions
of measurement and distance avoided. The natural development of
ideas seems to be: congruence which leads to a process of measuring
which in turn suggests the existence of a distance function. Perhaps
here, but probably more appropriately in Course 3, a definition of
congruence in terms of distance can be given. Congruence of seg-
ments, angles, and other plane and spatial figures. with perpendicu-
larity introduced in terms of congruence ef adjacent angles.

Congruence in the plane viewed in terms of Intuitive notions
of rigid motions of the plane (slides, turns, flips, and their compo-
sitions). Symmetries of figures in terms of invariant point sets and
rigid motions. The composition of rigid motions is a rigid motion
and the inverse of a rigid motion is a rigid motion. The group con-
cept introduced to tie together algebra and geometry- A fuller
treatment of Transformation geometry is suggested in Course 4.

2. Intuitive Metric Geometry (25%)

The process of measuring described in terms of filling up the
set to be measured with congruent copies of a unit and counting the
number of units used. Illustrated for segments, angles, and certain
plane and spatial figures. Integrally non-measurable figures (with



respect to a given unit) introduced and the positive _:ationals used
as operators endowed with stretching-shrinking or replicating-
partitioning powers. The rational number line reinterpreted in terms
of segments and lengths, briefly showing the existence of rationally
non-measurable segments and the real number line; a non-repeating
infinite decimal exhibited and the theorem on decimal representation
of irrationals recalled. The assignments of nuMbers to figures view-
ed as functions; observation that such measure functionS are additive
and invariant under congruence. The domain of segment measure
functions extended to the domain of polygonal curves by additivity;
perimeters computed. The additivity property applied to partitioning
techniques for finding area; some familiar area and volume formulas
derived (triangles, parallelograms, prisms, pyramids). The formula
A =ixwfor rectangles with irrational dimensions illustrated by
drawing inscribed and circumscribed rectangles with rational dimen-
sions. Plausible limiting arguments presented for circles and
spheres; irrationality of Ir. The angle-sum theorem for triangles
verified experimentally and then extended to convex n-gons by triangu-
lation; the subsequent results about the various angle measures in
regular polygons applied to making ruler-protractor drawings. Use of
these measuring instruments suggests investigation of practical ver-
sus ideal measurement. Various units of length, area, angle, volume
measurements and conversion factors relating them; the inevitability
of approximation in practical measurement and the usage of such terms
as "greatest possible error," "precision," "accuracy," " relative
error." The various notational conventions in use for reporting how
good an approximation is: significant digits, -1 notation, interval
of measure, scientific notation.

Probability (20%)

Various single and multi-stage experiments with discrete
sample spaces considered and represented geometrically (trees, walks,
spinners); large sample spaces and events "counted" using permutation
and combination techniques. The terminology--sample space, outcome,
eventcompared with the terminology of geometry--space, point,
figure; the assignment of probabilities to events compared with the
assionment of lengths, areas, etc., to geometric figures. Both in-
volve :1_ comparison of two sets; the rational nuMbers are the indi-
cated algebraic system. A priori assignment of probabilities (from
shape oC die, partitioning of spinner, constituency of urn, ...)
compared with a posteriori assignment (long-range stability of rela
tive frequency of events). The assignment of probabilities to events
in terms of the point probabilities of their constituent outcomes, in
the finite case, leading to additivity of probability measures; Venn
diagrams used to illustrate the connection between set operations and
logical connectives and to suggest the useful formulas,

P(A U B) = P(A) P(B) P(A n B) and P(A) = 1 - P(A')



Conditional probability and independent events; problems involving
multiplication along the branches of a tree. The connection between

Cr
and the number of paths of a certain kind in the plane; the formu-
n

la C- p-
r

(1 p)
n-r for r successes in n repeated trials deduced and

r
used; Pascal's Triangle (if not described earlier). The work on
probability should include many exercises, as this may be the first
contact with the subiect for many prospective elementary school
teachers.

4 Fur h r Geo try (20%)

The simplest straightedge-compass constructions reviewed and
related to the parallel postulate and congruence conditions for
triangles (some proving of triangles congrue,at appropriate here).
Each straightedge-compass construction technique compared with a
ruler-protractor drawing technique for the same figure. Some plausi-
bility argument for the Pythagorean Theorem, perhaps the one suggest-
ed by this sketch.

The simplified congruence condition for right triangles stated.
Some work on square roots is appropriate here: a proof, based on the
Fundamental Theorem of Arithmetic, that Vir is irrational or a whole
number; an algorithm or two for computing rational approximations to
1171-; a remark that the existence of square roots in R but not in Q is
a tipoff that R must have some extra fundamental property that Q does
not have; geometric construction of a segment with irrational length,
with respect to a given unit. Projection techniques for drawing
similar triangles reviewed. Applications to scale drawing and to
straightedge-compass construction of the rational number line. Simi-
larity conditions for triangles analogous t6 the congruence condi-
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tions for triangles; for the case of right triangles the "AAA" simi-
larity condition reduces to just "A". This suggests the calculation
of trigonometric ratios and their use in indirect measurement. The
Law of Cosines as a generalization of the Pythagorean Theorem.

5. The Real Nu ber System (10%)

A brief review of the properties of the reals in some non-
formal way--e.g., R includes Q; enjoys the same basic properties of

< that Q does but has one more property, namely, the least
upper bound property. Use of this property to suggest but not prove

the existence of 7157 for all a E R* and all n E Some work
with rational exponents.

Cours _3: Mathematical Systems

1. The System of Whole Numbers (25%)
2. Fields (25%)
3. Geometry (25%)
4. Probability-St t sties (25-

In this course certain portions of algebra, geometr. , and
probability are studied more deeply in a systematic, deductive way.
Proof receives more emphasis than in Courses 1 and 2. Some of the
concepts of logic itself receive explicit treatment, along with new
results in algebra, geometry, and probability.

1. The_System of,Whole Numbers (25%)

The algebraic and order properties of W reviewed; the well-
ordering princiPle introduced. Symbol alb defined; proofs of some
simple divisibility theorems such as alb albc, alb and alc
alb c . Various simple divisibility criteria of the base ten
numeration system derived. Primes and prime factorization; the sieve
of Eratosthenes; checking for prime drvisors of n only up VO ViT;
Euclid's Theorem and Wilson's Theorem. Unsolved problems such as
Goldbach's conjecture and the twin primes problem. Other interesting
odds and ends, e.g., figurate, deficient, abundant, and perfect
numbers.

The important concepts of common and greatest common divisor
(GCD) introduced and the existence, uniqueness, and linear combina-
tion expressibility theorems for GCD derived. Techniques for finding
the CCD (by listing all divisors, by the Euclidean Algorithm, froM
known prime factorizations); the least common multiple (LCM), Its
existence and uniqueness proved, its relation to the GCD, and several
techniques for finding it. (A flow diagram for the Euclidean Al-
gorithm is anpropriate here.) The concept of relative primeness and
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the lemma ating that plah or plb (p prime), leading to aproof of the Fundamental Theorem of Arithmetic. Whether a rigorousproof of this theorem should be given using the well-ordering princi-ple or mathematical induction, is debatable. The use of the Funda-mental Theorem in reducing fractions and in demonstrating the exis-tence of irrationals. Euler's q-function might be defined and thetheorems of Euler and Fermat illustrated.

2. Fields (2596)

Field defined using Q and R as prototypes. Subtraction anddivision in a field defined and their osual properties derived; Zp(p prime) defined and shown to be a field; various properties ofsubtraction and division illustrated again in this context. Possiblyenough group theory interposed (Lagrange's Theorem, order of elementtheorem) to prove the theorems of Euler and Fermat. In the contextof solving a linear equation over a field, several concepts of logiccan be studied; statement, equality, variable, open sentence, refer-ence set, truth set; the unsolvability of x2 -2 over Q contrastswith its sulvability over R; the completeness property of R recalled.The statement of this property depends on the concept of order; thedefinition of an ordered field abstracted from familiar propertiesof Q and R. Simple order properties deduced; Zp shown to be un-orderable (in any decent sense). The logical connectives and theirrelation to the set operations, within the context of solving in-equalities over (say) R. Equivalence of open sentences; equivalencetransformations- The Archimedean and density properties for Rderived; a short excursion into limits (optional). The intermediatevalue theorem cited, behavior of polynomials for large Ixl illustra-ted; existence and uniqueness of positive nth roots deduced.

3. E2ansLIY (25%)

Incidence axioms suggested by the Euclidean plane and spacest tod as abstract axioms and exhibited in a finite model; simpleincidence theorems proved and interpreted in both models. Illustr,in the context of segments how the natural genesis of concepts:congruence (superposition) process of measurement distance Func-tion, can be reversed in a formalization of geometry: postulateddistance function -0- congruence defined in terms of it. The intuitivenotion of betweenness used to define rays and segments; betweennessalso defined in terms of distance; the ruler postulate; proofs of afew elementary betweenness properties. (The depth to which thisBirkhoff-SMSG approach is carried is a matter of taste. For thefuture elementary teacher it might be more appropriate to do most ofthe deductive work in the spirit of Euclid, pointing out from time totime an implicit betweenness or existence assumption.) PossibleSubjects for short deductive chains include: triangle congruence andStraightedge-compass constructions; parallels, transversals, andangle sums; area postulates and an area proof of the PythagoreanTheorem.



Some flavor of other modern approaches to geometry, with a en-
tion restricted to the plane: coordinatization of the plane, vector
addition and scalar multiplication of points, lines as subspaces and
their cosets, vector and standard equations for lines; Pythagorean
Theorem and its converse, Law of Cosines, perpendicularity, dot
product, norm, distance; isometry, orthogonal transformation, matrix
representation of linear transformations, classification of orthogo-
nal transformations, decomposition of an isometry into a translation
and an orthogonal transformation. Alternatively, a coordinate free
study of transformation groups.

Probability-Statistics (25%)

Review of the "natural" development of the terminology and ba-
sic concepts of outcome, sample space, event, point probability func-
tion, and probability measure; axioms for a probability measure. The
possible backward rigorization in probability of the intuitive notion
of "equally likely outcomes" as "outcomes having the same probability"
compared with the backward rigorization in geometry of "congruent seg-
ments" as "segments having the same length." It might be worthwhile
to digress in more generality on equivalence relations, partitions,
functions, and preimages. After a few deductions from the axioms
[P(0) = 0, P(A') = 1 -P(A), P(A U B) = P(A) + INA n 8)1,
less emphasis is placed on deduction and further probabilistic con-
cepts and techniques are presented. The idea of simulation by urn
models, balls in cells, spinners, and the use of random number tables
illustrated through a wide variety of problems. Permutations and
combinations reviewed. More formal attention to combinatorial iden-
tities such as

iO
n-1

Cn-1 + =
k-1 -k

n-I
C.3 +1

i=j

More work on conditional probability, repeated trials, and random
walks. Simple problems in hypothesis testing (e.g., ten tosses of a
coin result in eight heads. With what confidence can you reject the
hypothesis that the coin is honest?). Elementary expectation problems
where expectation is thought of simply as a weighted average (e.g.,
how much should one expect to win on a roll of a die if the payoff
when n turns up is n2 dollars?).. The same problem posed using a non-
symmetric spinner instead of a die. Common distribution functions;
measures of spread.



Course 4: Functions

1. Real Functions (10%)
2. Algebraic Functions (20%)
3. Exponential and Logarithmic Functions (15%)
4. Transformations and Matrices (20%)
5. Trigonometric Functions (15%)
6. R2 and the Dot Product (20%)

The purpose of this course is two-fold. to present a satis-
fying culmination to the four-course sequence and to prepare the
student to continue in mathematics with a calculus course such asGCMC 1. Both of these goals are met in the context of a course
centered around the function concept_ Prenaration for calculus is
accomplished by studying special real functions, namely, the elemen-
tary functions; study of special functions of the plane (affine
transformations) provides an appropriate d6nouement of the four-
course sequence by bringing together arithmetic, algebra, and geome-
try in a transformation approach to plane geometry.

al Functio (10%)

Brief review of the general concept of function from both the
rule-of-assignment and ordered-pair points of view; specializationto the case where the domain and range are real numbers. Simpleexamples of functions--some artificial, some from science or businc5s.
Graphing and reading graphs. Granhs of real functions make it easierto think of them as mathematical objects in their own right, subject
to operations as are other mathematical objects. Addition, subtrac-
tion, multiplication, division, and composition of functions viewed
graphically as well as algebraically. Various additive and multipli-
cative groups of functions_ One could look for rings, vector spaces,
or even algebras of functions if that much abstract algebra isavailable.

2. Algebraic Functions_ (20%)

Real functions specJalized to polyno ial functions withemphasis on linear and quadratic functions. Slope and equations of
straight lines, zeros of polynomials, and the factor theorem.
Graphical interpretation of linear functions in the plane; geometric
interpretation of linear functions on the number line in terms of
stretches, shrinks, slides, and flips. (This suggests considering
analogous functions of the plane and presents a natural opening for
the discussion of general mappings of the plane and then the special
types of mappings which arp important for geometry, namely, transla-
tions, rotations, magnifications, and reflections. A discussion of
transformation geometry mav be included at this point.)



Increasing and decreasing real functions; there is no analo-
gous concept for plane functions since the plane is not ordered.
The completeness of the real number system and the intermediate
value theorem done at an intuitive level; invertible functions, both
in the context of functions of the plane and in the context of real
functions. For real functions this leads to work with roots and
rational exponents- Quadratic equations and various explicit alge-
braic functions-

3. Exponential and Logarithmi- Functi (15%)

It is not reasonable to give a rigorous development of expo-
nential functions. After adequate study of ax for x rational and
after some geometric motivation, the existence of ax for x real
should be assumed. The "laws of exponents" need emphasis. Other
isomorphisms and homomorisms recallecL Graphs of exponential
functions and combinations thereof; logarithm functions defined as
inverses of exponential functions, their properties derived from the
properties of exponential functions; a minimal amount of computation-
al work with common logarithms.

4. Transformations and _tlatrices (20%)

Having just completed computational work with some real
functions, one can naturally ask whether various functions of the
plane can also be given a concrete numerical representation. This
leads to linear algebra and the study (in R2) of vectors, dependence,
independence, basis, linear transformation, matrix representation of
linear transformations, matrix multiplication, and transformation
composition.

5. Trigonometric Fun tions (15%)

The sine and cosine functions introduced by recalling the
trigonometric ratios (Course 2) ; their definitions in terms of the
winding function. The other trigonometric functions defined, graphs
drawn, and questions of periodicity and invertibility entertained.
Rotation matrix derivation of the addition formulas for sines and
cosines. Proof of other trigonometric identities. The Pythagorean
Theorem and its converse recalled and the law of cos ines proved as a
generalization.

R2 and the Dot PY duct (20%)

The dot product motivated by the law of cosines as a measure
of perpendicularity. The chain of ideas from dot product through
length o metric traced. The central role played by this metric in
currently popular axiomatic developments of geometry- The geometric
and algebraic significance of the determinant function for 2 x 2
matrices.
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SYMBOL

Iv

Glossary of SyMbols

MEANING

fO, 1, the set of whole numbers

The set of integers

The set -f rational numbers

The set of real numbers

The set of complex numbers

The set of positive eoments of Z, Q, R, respectively
Zn The set of integers modulo n

x E A The element x belongs to the set A

B The sot A is a subset of set B

A x B f(x,y)l x E A and y E B1

A2 A x A

A3 AxAxA
implies

alb a divides b

GCD Greatest common divisor

LCM Least common multiple

C
-r

P-r

rl(n

n
(n r) 1

2A The set of all subsets of A

'Dc] The set of all polynomials in one indeterminate with
coefficients in A
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APPENDIX II COURSE GUIDES FOR GE _ET 1W

INTRODUCTION

Euclidean geometry will, of course, continue to be taught in
our schools, but there is also a tendency toward basing the teaching
of geometry on linear algebra. A fundamental reason for this is
that such a course reveals the unity of algebra and geometry in a
way that the Euclidean approach does not_

It is our belief that both approaches have sufficient interest
for the prospective mathematics teacher that study of each should be
required. We therefore include a suggested outline for each kind of
course. As with the Level I Course Guides our intention here is not
to be prescriptive but to present outlines which might be useful for
interested persons in devising appropriate courses. For that reason,
and also because it is newer, we have gone into more detail with the
algebraically oriented course.

Mathematics 9: Foundations of Eu li --an Geometry (3 semester hours)

The purpose of this course is two-fold. On the one hand it_
presents an adequate axiomatic basis for Euclidean geometry, includ-
ing the one commonly taught in secondary schools, while on the other
hand it provides insight into the interdependence of the various
theorems and axioms. It is this latter aspect that is of the greater
importance for it shows the prospective teacher tl,at there is no one
Royal Road to the classical theorems. This deeper appreciation of
geometry will better prepare the teacher to assess the virtues of
alternative approaches and to be receptive to the changes in the
secondary school geometry program that loom on the horizon.

Courses similar to this have now become comMonplace. As a
consequence, no great detail should be necessary in this guide.
There is a greater abundance of appropriate topics than can be
covered in one course, so some selection will always need to be made.

Although enough consideration should be given to three-space
to build spatial intuition, the major emphasis should be on the
plane, since it is in two-space that the serious and subtle difficul-
ties first become apparent. The principal defects in _EUclid'S _Ele-
ments relate to the order and separation properties and to the
completeness of the line. Emphasis should be directed to clarifying
these subtle matters uith an indication of some of the ways by which
they can be circumvented. The prospective teacher must be aWare of_
these matters and have enough mathematical sophistication to proceed
to new topics with only an indication of how they are resolved.
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The course consists of six parts, after brief historical
introduction and a critique of Euclid's Elements. The allotment of
times that have been assigned for these parts are but suggestions to
be used as a guide, because emphasis will vary with the background of
the students, the text used, and the tastes of the instructor. PrO--
requisites for the course are a modest familiarity with rigorous
dedu:tion from axioms, for example as encountered in algebra, and
the completeness of the real number system.

1. Incidence and Order Fro erties (S lessons)

In this part of the course, after a brief treatment of inci-
dence properties, the inherent difficulties of betweenness and separa-
tion are Oiscussed. The easiest, and suggested, way to proceed is in
terms of distance. The popular method today is to use the Birkhoff
axioms, or a modification such as given by SMSG. In addition, one
should give some indication of a synthetic foundation for betweenness
such as that of Hilbert. A brief experience with a synthetic treat-
ment of betweenness is enough to convince the student of he power of
the metric apparatus.

Alternatively, one can begin with a synthetic treatment of
betweenness and then introduce the metric apparatus. With this
approach, metric betweenness is a welcome simplification.

gruence
lessons

f Triangles_and Ine.ualities inTrian:1e5

It is recommended that angle congruence be based on angle
measure (the Blvkhoff axioms). Yet here too some remarks on a syn-
thetic approach are desirable.

The order of presentation of the congruencetheorems can
depend on the underlying axiom system used. What is perhaps more
important is to observe their interrelations. At this point a global
view of transformations of the plane should receive attention. Ruler
and compass Constructions should be deferred, as the treatment is
simtler and move elegant after the parallel axiom has been introduced.
The triangle inequality and the exterior angle theorem occur here.

Absolu_ and Non-Euclidean Geometry (6 less n_

Up to this point there has been no mention of the parallel
postulate. It is desirable to explore some of the attempts to prove
it. One should prove a few theorems in absolute geometry. in par-
ticular ones about Saccheri quadrilaterals. Then some theorems in
hyperbolic geometry can be given, among which the angle-sum tneorem
for angles in a triangle is most important. A model, without proof,
for hyperbolic geometry is natural here.



This part of the course can also be taught after Part 4 when
Euclid's parallel axiom and consequences of it have been covered.

4, The Parallel Po ulate (8 lessons)

There are many topics, of central importance in high school,
that need to be discussed in this part of the course. It is desirable
to give here, as well as in Part 3, considerable attention to the
history of the parallel axiom. Due to time limitations, it will
probably be necessary to omit some topics. Nevertheless, some atten-
tion should be given to: parallelograms, existence of rectangles,
Pythagorean Theorem, angle-sum theorem for triangles, similarity,
ruler and compass constructions, and an introduction to the notion
of area.

R al _Numbers and Geometry (8 lessons

This part is devoted to matters in which the completeness of
the real number system plays a role. Some attention must be given to
the completeness of the line and the consequences thereof. Archi-
medes' axiom arises naturally here. Important topics are: similarity
of triangles for the incommensurable case; circumference; area in
general and, in particular, area of circles; and, finally, a coordi-
nate model of Euclidean geometry. It is possible to give a coordi-
nate model of a non-Archimedean geometry at this time.

6. Recapitulation (3 lessons)

This part is intended to give perspective on the preceding
sections. It should have a strong historical flavor and might well
include lectures with outside reading or a short essay.

References:

Birkhoff, D. and Beatley, R. Basic Geometry. New York, Chelsea
Publishing Company, 1941.

Borsuk, K. and Szmielew,
Interseience, 1960.

Foundations of Geometry. New York,

Coxeter, H. S. M. New York, WileyIntroduction to Geometry.
and Sons, 1961.

Eves, Howard. A Survey of Geometry Vol. I. Boston, Massachusetts,
Allyn and Bacon, Inc., 1363.

Hilbert, David. FoundationS of Geometry, trans. by E. J. Townsend.
Chicago, Illinois, Open Court Publishing Company, 1959.
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Moise, Edwin E. Eleinentar Geometr from an Advanced Stand oint.
Reading, Massachusetts, Addison-Wesley Publishing Co., -inc., 1963.

Prenowitz, W. and Jordan,
Blaisdell, 1965.

Basic Concepts of Geometry. New York,

Mathematics Vector Geometry

There are approaches to geometry other than the classical
synthetic Euclidean approach and several of these are being suggested
for use in both the high school and college curricula. Moreover,
exposure to different foundations for geometry yields deeper insights
into geometry and can serve to relate Euclidean geometry to the main-
stream of current mathematical interest. It is this latter reason
which underlies much of the discussion about geometry that is now
prevalent. There are at least three approaches that merit considera-
tion.

I. The classical approach of Felix Klein, wherein one begins
with projective spaces and, by considering successively smaller sub-
groups of the group acting on the space, one eventually arrives at
Euclidean geometry. A course of this nature might be called projec-
tive geometry, but it should proceed as rapidly as possible to
Euclidean geometry. Besides books on projective geometry, other
references are:

1. Artin, Emil. Geometric Algilra.. New York,
Interscience, 1957.

2. Gans, David. Transformations and Geometries.
New York, Appleton-Century-Crofts, Inc., 1968.

3.
-

Klein, Felix. Vorlesungen_Uber Nicht-Eulaidische
Geometric. New York,Cheisea Publishing Company019S9.

4. Schreier, Otto and Sperner, Emanuel. Projective
Geometry of n Dimensions. New York, Chelsea
Publishing Company,1961.

(Throughout this outline, references are given because of their con-
tent with no implication that the level of presentation is appro-
priate. Indeed, adjustments 'will normally be necessary.)

TT. The transformation approach, which in some ways is a
variant of Klein-7,-Ts--fh-e--ffuelidean group to define congruence and
other familiar concepts_ As a further variant of this, there are
treatments which begin with synthetic Euclidean geometly and proceed
to the Euclidean group. References are:

S. Bachmann, F. Aufbau der metric aus d m
Spiegelungsbegriff. Berlin, Springer-Verlag, 1959.

SO
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Choquet, Gustave. Geometry in a Modern Setting.
Boston, Massachusetts, Houghton Mifflin Go., 1969.

7. Goxford, A. F. and Usiskin, Z. P. Geometry_, A
Transformation Approach, Vol. 1, II. River Forest,
Illinois, Laidlaw Brothers, 1970.

8. Eccles, Frank. An Introduction to Transformational
Geometry. Reading, Massachusetts, Addison-Wesley
Publishing Co., Inc., 1971.

The vector s ace approach, the one suggested for this
course, uses vector spaces as an axiomatic foundation for the investi-
gation of affine and Euclidean geometry. Through the use of vector
spaces, classical geometry is brought within tae scope of the central
topics of modern mathematics and, at the same time, is illuminated by
fresh views of familiar theorems. Some of the references below con-
tain isolated chapters which are relevant to this approach; in such
cases these chapters are indicated.

9. Artin, Emil. Geometric Algebra_
Interscience, 1957.

New York,

10. Artzy, Rafael. Linear Geometry. Reading.
Massachusetts, Addison-Wesley Publishing Co.,
Inc., 1965,

11. Dieudonne, Jean Linear Algebra and Geometry.
Boston, Massachusetts, Houghton Mifflin Co., 1969_

12. Gruenberg, K. W. and Weir, A. J. Linear Geometry-
New York, Van Nostrand-Reinhold Books, 1967.

MacLane, Saunders and Birkhoff, Garrett. Algebra.
New York, Macmillan Co., 1967. (Chapters VII,
XI, XII)

14- Mostow George; Sampson, Joseph; Meyer,
Jean-Pierre. Fundamental Structures of
Al.ent_ New York, McGraw-Hill Book Co.,
1963. (Chapters 8, 9, 14)

15. Murtha, J. A. and Willard, E. R. Linear Algebra
and Geometry. New York, Holt, Rinehart and Winst n,
Inc., 1969.

Snapper, Ernst and Troyer, Robert. Metric Affine
Geometry. New York, Academic Press, 1971.

The course outlined below has as prerequisite an elementary
course in linear algebra (GCMC 3). The main topics are:
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1 Affine Ge metry and Affine Transformations
2. Euclidean Geometry and Euclidean Transformations
3. Non-Euclidean Geometries.

Because of the relative unfamiliarity of this approach to geometry,
more details such as definitions and tynical results will he includ-
ed. Also, a brief justification is given.

In Euclidean geometry one considers the notion of a transla-
tion of the space into itself. These translations form a real vectorspace under the operation (addition) of function composition and
multiplication by a real number. Thus the "vector space of transa-
tions" acts on the set of points of Euclidean space and satisfies the
following two properties.

A. If (x,y) is an ordered pair of points, th -7 is a
translation T such that T(x) y. Moreover, this
translation is unique.

B. It T1 and T2 are translations and x is a point, then
the definition of "vector addition" as function
composition is ind.;,cated by the formula

(T1 4- T2) (x) T1(T2(x)).
With this intuitive background, the details of the course outline
will now be given. The definitions and propositions are stated fordimension n, since this causes no complication, but the emphasis will
be on dimensions two ard three.

1. Affine Geometr- and Affine Transformations

One defines real n-dimensional affine space as the triple
(V, X, v) where V is a real vector space of dimension n (the vector
space of the translations), X is the set of points of the geometry
and p: VXXA-Xdefined by n(T,x) T(x) is the action ofVon X
which satisfies properties A and B above. For convenience, the af-
fine space (V, X,a) is usually denoted simply by X.

Affine sutspaces of X are defined as follows. Let x E X andlet U be a linear subspace of V (a subspace of translations). The
affine subspace determined by x and U is denoted by S(U,x) and con-
sists of the set of points

(T(x)IT U),

i.e., S11,x) consists of all translates of x by a translation belong-
ing to U. The dimension of S(U,x) is defined to be the dimension of
U. Then one-dimensional affine subspaces are called lines, two-
dimensional affine subspaces are called planes and (n-1)-dimensional
affine subspaces are called hyp.,!rplanes (n dimension of V).

Two affine subspaces S and S' are called parallel (SUS') if
there exists a translation T such that T(S) S' or T(S') S.



Parallelism and incidence are investigated, with special emphasis on
dimensions two and three. Such results as the following are obtain-
ed.

Lines 9. and m in the plane are parallel if and only if
9. m or m = (.1)

A line P.- and a plane 7 in three-space a
and only if P. c r or 2. n -(7). if P.

9. n jr is a point.

c. There exist skew lines in three-space,

parallel if
-r, then

U. Planes n and n' in three-space are parallel if and
only if 7 = IT' or n n =(-b . If then

n is a line.

A coordinate system for the affine space X consists of a
point c E X and an ordered basi3 for V. A point x E X is assigned
the coordinates (xl, xn) if T is the unique translation such
that T(c) x and T has coordinates (xi, xn) with respect to the
given ordered basis for V. Using these notions, one can study
analytic geometry, e.g., the parametric equations for lines, the
linear equations for hyperplanes, the re/ationship between the linear
equations of parallel hyperplanes, incidence in terms of coordinate
representations, etc.

For each point c C X, there is a natural w_:1)- .to make X into a
vector space which is isomorphic to V. Namely, if r is a real number,
x,y E X, ard T1, T., are the unique translations sa'_isfyin T1(c) =
and T(c) = y, then one defines

x y = T2(T1(c)) and rx (rTi)(x).

The vector space Xc with origin c is the tangent space of classical
differential geometry. (Affine space is often defined as tho vector
space V itself; this approach to affine geometry is based on the iso-
morphism between Xc and V.)

An affine tr-
lowing properties:

formation is a function f: with the fol-

a. f is one-to- ne and onto.

b. If k and a e parallel lines, then f(Z) and
parallel lines.

are

The affine transformations form a g oup called the affine group which
contains the translation group 4% a commutative subgroup. For each
point c E Xo the set of affine transformations which leave c fixed
form a subgroup of the affine group; moreover, this subgroup is the
general linear group of-I the vector space Xe and is therefore isomor-
phic to the general linear -group of V. Finally, properties of affine
transformations are investigated.
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Other topics of affine geometry which are studied include
orientation, betweenness, independence of points, affine subspace
spanned by points, and simplexes.

Euclidean Euclidean Transforrnatio

space is defined as the affinc space (V, X, 1.1) where
V has been given the additional structure of a positive-definite
inner product. Thus for each T V, T2 is a non-negative real num-
ber. A distance function is introduced on X by defining the distance
between an ordered pair (x,y) of points of X to be CIC-7-27 where T is the
unique translation such Zliat T(x) = y. A Euclidean transformation
(rigid motion, isometry) of X is a mapping of X which preserves
distance.

The Euclidean transformations forni a subgroup of the affine
group. For each c A, the Euclidean transformations which leave c
fixed form a subgroup of the Euclidean group. In fact, this is the
orthogonal group of the vector space Xe (with the inner product in-
duced on it from V through the given isomorphism) and therefore is
isomorphic to the orthogonal group of V.

Rotations and reflections are first defined for the Euclidean
plane and then for n-dimensional space. The Cartan-Dielidonn6 theorem
becomes an important tool in the investigation of the Euclidean group,
It states that every Euclidean transformation of n-space is the pro-
duct of at most n 1 reflections in hyperplanes. It follows imme-
diately that there are four kinds of Euclidean transformations of the
Euclidean plane: tran lations, rotations, reflections, and glide
reflections.

Rotations an6 reflections _of Euclidean three-spzi,ce are investi-
gated. From the Cartan-Dieudonn6 theorem it follows that every rota-
tion of three-space has a line of fixed points (the axis of rota-
tion). The set of all rotations with a given line Z as axis is a
subgroup of -the rotation group of three-suaee. Moreover, this rota-
tion group with axi s 9. is isomorphic to the rotation group of the
Euclidean plane, thus giving the classical result that every rototion
of three-space is determined by an axis and a given "angle of
rotation."

One now dofines a figure to be a subset of X and calls two
figures congruent if there is a Euclidean transformation which maps
one figure onto the other. Using these concepts, one proceeds to
proofs of the classical congruence theorems of plane geometry (S.S.S.,
S.A.S., A.S.A., H.S.).

Finally, orthogonality and similarity are inves

54



3. NonEuclidean Ge

The classical method of obtain ng a non-Euclidean plane
geometry is to replace the parallel postulate by another postulate on
parallel lines and thus obtain hyperbolic geometry. Here the ap-
proach is different. The positive-definite inner product is replaced
by other (nonsingular) inner products. The geometry obtained is non-
Euclidean, but the parallel postulate i$ still valid! This startling
result is true because the underlying space is the affine plane (in
which the parallel postulate is valid) and the change of inner prod-
uct does not disturb the affine structure.

Actually, the investigation of non-Euclidean geometries can be
made concurrently with that of Euclidean geometry. For example, the
Lorentz plane and the negative Euclidean plane can be defined and
investigated at the same time as the Euclidean plane. "Circles" in
the Lorentz plane are related to hyperbolas of the Euclidean plane,
etc.

One of the major results is Sylvester's theorem,from which one
concludes that there are precisely n 4- 1 distinct nonsingular geome-
tries which can be placed on n-dimensional affloe space.
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